Equational axiom problems.
This note presents a general method for solving a number of problems in the equational theory of lattices. Current interest in this theory stems from Jonsson's important discovery [7] , building on earlier work of Birkhoff, that a lattice sharing the algebraic identities common to a given class K of lattices is more tightly bound to K than would be expected for most other kinds of algebraic systems. In this context, a natural question for any such class K is the following "axiom problem. 
A.P.(K) : Find a set of equational axioms for K, i.e., a set 2 of identities, common to the members of K, of which all other such identities are lattice-theoretic consequences.
An equivalent requirement on 2 is that the class of lattices defined by 2 coincide with K e , the smallest equational class (class definable by identities) containing K.
The problem A.P.(JFC) is to be viewed as a practical one; the solution is to be constructed explicitly starting from some given definition of K. McKenzie [9] , for example, has given just such an explicit solution of A.P. ( {L} ) for each finite lattice L.
The general method to be developed below solves the axiom problems of all classes of lattices in the following list, among many others.
(a) PP, the class of all projective planes (viewed as lattices of flats (f) PI, the class of "planar" lattices, i.e., lattices which can be order-embedded in a product of two chains. for all m, do give finite solutions. (Details will appear elsewhere.) The general method of § §2-3 below for solving axiom problems always yields an infinite list of identities, reducible (not necessarily constructively) to a finite list when a finite solution exists.
The methods of this paper can be generalized to solve axiom problems relative to any equational class of algebras to which Jonsson's results of [7] apply. Especially promising are applications to orthomodular lattices, Heyting algebras, and lattice-ordered groups.
A general reference for lattice theory is [3 ] ; for universal algebra, [5] .
2. A general problem. A common method of solution to all the axiom problems listed in §1 is to be found at the end of this twisting trail of reasoning:
(1) The most powerful tool relevant to such problems is Jonsson's main theorem of [7] .
(2) The classes of lattices to which Jonsson's theorem applies most naturally are those which are closed under the formation of sub-
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lattices, homomorphic images, and ultraproducts. Following the ad hoc terminology of [l ], let us call such classes "stable." (3) It is a result in model theory that a stable class is definable by sentences of a simple form, namely by universally quantified disjunctions of polynomial equations (UDE's).
(4) Happily, most of the classes of lattices on our list are stable, and it is possible to give explicit defining UDE's. The other classes can be expanded to stable ones without changing their axiom problems.
(5) Therefore, all the listed axiom problems are but instances of the axiom problem for a much more general class, namely, the problem A.P.(Lat A), where A is any given set of UDE's and Lat A denotes the class of all lattices satisfying all the sentences in A (lattice models of A).
(6) This very general axiom problem can immediately be reduced to the case where A consists of a single UDE 8. A solution to this reduced problem will be constructed in the next section.
Amplification f or (1), (3), (4), (6 For (4) . The key method is to apply the following principle from [l]. If P is any finite partly ordered set and N(P) is the class of all lattices which contain no order-isomorphic copy of P, then N(P) is stable. For example, Lth(m) =N(C m+ 2), where C m+ 2 is an (m+2)-element chain; Wth(m) =N(U m +i)> where U m+ i is a totally unordered set of m+l elements; Br (ni) =N(B m +i), where Bk is the partly ordered set consisting of 1-element and (k~ l)-element subsets of a fe-element set; Pl = C\iN(Qi), where Qu (?2, • • • correspond to "comparability cycles" [2] . For any given P, N(P) can be defined by an explicit UDE as follows. LEMMA Here OR denotes logical disjunction, to avoid confusion with lattice operations. The proof of the lemma is easy and will be omitted.
Let p(\), * • • , p(n) be the elements of the finite partly or-
For a treatment of the nonstable classes PP and PP(S) in terms of N( ), see [l] . The only remaining class on our list is K x \JKt\ this class is definable by conjunctions of pairs of identities, each of which can be turned into an equivalent UDE by using disjoint sets of variables and taking quantifiers outside.
For (6) . 
Replacing ƒ,•, g { by fiAg» fiVgi if necessary, we may assume that fi(*)Sgi(x) for alii. The polynomials appearing in the solution of A.P. (Lat 8) will be constructed as a three-layered composition, with the inner layer consisting of the fi and gi. The middle layer will be built from the polynomials pk defined for
The outer layer will consist simply of p2n(t; z) for n as in 8. It will be apparent from the proof of Theorem 3.1 that this type of construction is indeed a natural one. ( Suppose conversely that L(£Lat 8. Then, interpreting variables as
